Abstract. A random walk on the mapping class group gives rise to an element which is large/small with respect to a Nielsen-Thurston ordering. This gives several interesting properties of random 3-manifolds and links: for example, random closed braids and open books are hyperbolic.
Let G be the mapping class group or the braid group of a surface with non-empty boundary S. Throughout the paper for a sake of simplicity we assume that ∂S is connected. A NielenThurston ordering < N T , a left-ordering of G coming from an action on the infinite boundary of the hyperbolic plane [SW] , is closely related to the Fractional Dehn twist coefficients (FDTC, in short) which plays an important role in contact 3-manifolds and open book decompositions [HKM1] (See [IK, Section 4] for details between the FDTC and Nielsen-Thurston orderings, and the definition of the FDTC of (closed) braids). When one studies (contact) 3-manifolds by using an open book decomposition, the FDTC often appears as a primary assumption of various theorems.
The aim of this note is to point out a simple observation on random walk on G, combined with results of open book decompositions and closed braids, yields several interesting phenomena on random 3-manifolds and links.
Let µ be a symmetric probability measure on G and H µ be the subgroup of G generated by supp(µ), the support of µ. Here µ is symmteric means that supp(µ) = supp(µ) −1 . We say that µ is (a) unbounded if H µ is unbounded with respect to a Nielsen-Thurston ordering < N T of G.
(b) non-elementary if H µ contains pseudo-Anosov elements with distinct fixed points on the Thurston boundary of the Teichmuller space. Consider the simple random walk with respect to µ starting from the identity, and let g k be the random variable representing the position of the random walk at time k. Our simple but crucial observation is the following. Theorem 1. Let < N T be a Nielsen-Thurston ordering of G. Assume that µ is unbounded. Then for any m, M ∈ G, the probability that g k satisfies m < N T g k < N T M goes to zero as k → ∞.
Proof. Let p = min{µ({s}) | s ∈ supp(µ)} and
Assume that t(g k+1 ) = i > 0. Then for s ∈ supp(µ),
For the case t(g k+1 ) < 0 we have a similar result, hence we conclude This research was partially supported by JSPS Grant-in-Aid for Young Scientists (B) 15K17540.
• t(g k+1 ) ∈ {t(g k ), t(g k ) ± 1}.
• The probability that |t(g k+1 )| = |t(g k )| + 1 holds is at least p. Take N > 0 so that m N < N T m < N T M < N T M N . The above observation shows the probability that |t(g k )| ≤ N goes to zero as k → ∞, hence the desired probability goes to zero as k → ∞.
Theorem 1 says that a random element g k is large/small enough with respect to < N T , which means that for any constant N , the absolute value of the FDTC of g k is greater than N with asymptotic probability one. This observation, combined with the following result of Maher, yields several results on random 3-manifolds and links.
Theorem 2 (Maher [Mah] ). If µ is non-elementary, the probability that g k is pseudo-Anosov goes to one as k → ∞.
Take an unbounded, non-elementary probability measure µ. By Theorem 1 and 2, g k is pseudoAnosov and its FDTC is large/small enough.
The first result justifies our naive expectation for "generic" 3-manifolds -one can expect a random 3-manifold admits various nice structures. For an open book (S, φ) we denote the corresponding 3-manifold by M (S,φ) . Corollary 1. As k → ∞, the probability that (S, g k ) has the following properties goes to one.
(
k ) supports a weakly symplectically fillable and universally tight contact structure which is a perturbation of a co-oriented taut foliation. The next result generalizes [Ma] for general closed braids in general 3-manifolds. Fix an open book decomposition (S, φ) of a 3-manifold M . The closure of g ∈ B n (S), the n-strand braid group of S, yields an oriented link g in M (S,φ) . We regard g and φ as an element of M CG(S −{n points}) and consider the product gφ, which is nothing but a monodromy of the open book fibration
1 , where B is the binding. (See [IK, Section 4] for details). Maher's theorem shows g k φ is also pseudo-Anosov with asymptotic probability one.
Corollary 2. As k → ∞, the probability that the closure of a random braid g k is a hyperbolic link in M (S,φ) goes to one.
Proof. This follows from [IK, Theorem 8.4 ]: g k is hyperbolic if g k φ is pseudo-Anosov with |FDTC| > 1.
Finally we point out a surprising consequence.
Corollary 3. Let α k , β l ∈ B n be two random (classical) braids. Then the probability that α k and β l are non-conjugate representing the same link goes to zero as k, l → ∞.
Proof. This follows from [Ito, Theorem 2.8 ], based on a deep result of Birman-Menasco [BM] : There is a constant r(n) such that for n-braids α, β with |FDTC| > r(n) the closures of α and β are the same if and only if they are conjugate.
Note that this also says that the closures of random braids β k and β k ′ are transverse isotopic if they are topologically isotopic. Thus, a random closed braid model of transverse links are the same as a random closed braid model of topological links.
